Abstract. Distributions of returns on market index are always assumed to be normal. In fact, many researchers argue that the distributions have tails fatter than normal. GARCH models illustrate that this non-normality is because of volatility clustering. This paper investigates the distribution of returns on S&P 500 index between 2006 and 2007. It is found that the distribution is still fatter than normal even though the heteroskedasticity has been adjusted by GARCH models. Moreover, the stable GJR-GARCH model performs better than Gaussian GJR-GARCH model.
Introduction
There are lot of literatures found that the distributions of returns on financial assets are not normal [1, 2, 3, 4, 5] . They found that the distributions are possible asymmetric and their tails are fatter than normal. Diebold et.al. [6] used power law to describe the tail index of the distributions of returns on financial assets. Bali [7] applied the extreme value approach to show that the distribution of returns on market index had high peaks and fat tails. Based on the ARCH model in [8] , Bollerslev [2] had proposed the generanlized autoregressive conditional heteroskedasticity (GARCH) model. Bollerslev [9] showed that the fat tails of the distributions of returns on market indices are because of volatility clustering. Mandelbrot [4, 10, 11] , Fama [3, 12, 13, 14] are the pioneers who applied the family of stable Paretian distributions to the returns on financial assets. McCulloch [15, 5] , Nolan [16] and Nolan et.al. [17] proposed some numerical methods to estimate the parameters of stable Paretian distributions. After that, the stable Paretian distributions are widely used. Stable Paretian distribution has four parameters. Charateristic exponent is the tail index of the distribution. If is less than 2, the second or higher moments of the random variables will be infinite. In other words, the distribution may have infinite variance. However, the scale factor will capture the despersion of the distribution which likes the in normal distributions. The skewness described the symmetricity of the distribution. The distribution has positive (negative) skewness when and the distribution is symmetric when . The location shows the qausi-center of the distribution which is similar to the mean in the normal distribution. Moreover, the stable Paretian distribtuion will reduce to normal when and . This paper investigates the tail index and the skewness of the distribution of daily returns on S&P 500 index. Engle [18] showed that GJR-GARCH model had better performance on modeling the impact of good news and bad news. According to normal GJR-GARCH model, we released the distribution in this model. We employed the stable Paretian distribution to capture the leptokurtic and the skewness of the conditional distributions in the GARCH models. We compared the goodness-of-fit between stable Paretian distribution and the normal distribution. Since the stable Paretian distributions nested the normal distributions, we can make the hypothesis testing with . We used the daily returns on S&P 500 index from 1 st January 2006 to 31 st December 2007 to fit stable GJR-GARCH model and normal GJR-GARCH model. The results highly rejected the null hypothesis, and conclude that the conditional distributions of returns on S&P index had fat tails and asymmetric.
The rest of the paper shows that methodology and the model in next section. Data and empirical results have been given in Section 3. Finally, we have made the conclusion.
Methodology
The difficulty of using stable Paretian distribution is that the density function did not have explicit 
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form. Zolotarev [19] studied the properties of stable Paretian distributions, and he also described the meanings of the parameters of stable Paretian distributions. McCulloch [5] and Nolan [20] provided some numerical methods to estimate the parameters of stable Paretian distributions and the values of pdf and cdf. The characteristic function of stable random variable has the main role on the estimation.
(1)
Where
, if , otherwise, . So et.al. [21] proposed a Fourier-series method to estimate the pdf and cdf based on its characteristic functions. Moreover, is a stable process with parameters . To investigate the heteroskedasticity of returns on market index, Mittnik et.al. [22] developed the stable Paretian power-GARCH model, they discussed the necessary and sufficient conditions for the GARCH model with stable innovation distributions. In this paper, we employed the stable-GARCH model and included the GJR frameworks to describe the asymmetric impact of good news and bad news. The model is as follows,
Where if , otherwise, . To address the autocorrelation on , we applied the Ljung-Box-Q test to find the optimal number of lags on Eq. (2). The residuals on Eq. (2) followed the standard stable Paretian distributions.
are the time-varying scale factors and followed GJR-GARCH model. Since the second or higher moments in stable Paretian distribution are infinite when , the exponent in GJR-GARCH terms will be replaced by as introduced in [22] . This model will reduce to the normal GJR-GARCH model when . Moreover, the stable Paretian distributions had many advantages over other fat-tailed distributions. The generalized central limit theorem can be applied to stable Paretian distributions and the sum of i.i.d. stable random variables is still a stable random variable. These properties are important on statistics inference and risk management.
Data and Empirical Results
The S&P 500 daily index from 1 st January 2006 to 31 st December 2007 are collected from Federal Reserve Economic Data (FRED). The log changes of S&P 500 index will be used as market returns on Eq. (2). There are 502 observational values in the sample period. According to the Ljung-Box-Q test, 1 lag is required to mitigate the autocorrelation on . We used Nolan's algorithm [17] to run the regression on Eq. (2). This algorithm allowed the residuals followed the stable Paretian distributions. The estimates of parameters are . We compared the performance between stable GJR-GARCH(1,1) model and normal GJR-GARCH(1,1) model. The results are given in Table 1 .
The number of observations in the sample is 502. The columns "std" and "p-value" are the standard deviations and the probability values of the parameters. * and ** are 95% and 99% significance levels. We tested and in the hypothesis. LLF are the likelihood function values and LLR are the likelihood ratio . The p-value of LLR is obtained by using chi-square distribution with 2 degrees of freedom. Table 1 shows that the characteristic parameter in stable GJR-GARCH model is significantly less than 2 and the skewness is different from 0. Moreover, the likelihood ratio test also supported that the stable GJR-GARCH(1,1) model performs better than Gaussian distribution. The results show that conditional distributions of market returns are asymmetric and have tail fatter than normal especially in 2006 and 2007. For the GJR-GARCH model, we find that good news and bad news have asymmetric impact on market fluctuations.
is significantly greater than 0 on both stable and normal GJR-GARCH models while is insignificant. The results show that the bad news had higher influence on market fluctuations. From the above data, we found that the Gaussian distribution may not be suitable for modeling the market returns especially for the crisis periods. The fat tail means the probability of extreme events is much higher than that in the normal distribution. The negative skewness also reveals that the chance of downside movement is higher than the upside movement on market index. In addition to the asymmetric impact of bad news to the market fluctuations, we can conclude that the market had higher downside risk than upside risk. Moreover, the downside risk has higher influence on the market fluctuation before the subprime mortgage crisis.
Conclusion
This paper investigated the distribution of returns on market index. We applied the stable family to release the distribution in GARCH models. The stable Paretian distribution had four parameters. They captured the thickness of the tail , the skewness , the scale and the location . Moreover, stable Paretian distribution nested the normal distribution. In other words, the normal distribution is one of members of the stable family. The generalized central limit theorem and the stable distribution are close under summation. We used the daily returns of S&P 500 index as the market returns in our models, and we first addressed the autocorrelation by using the Nolan's algorithm. This algorithm allowed the distribution of the residuals followed stable Paretian distribution. To address the heteroskedasticity, we used stable GJR-GARCH model. The empirical results showed that conditional distribution under the GJR-GARCH model was still asymmetric and had tail fatter than normal. Moreover, we found that the bad news had higher impact on the market fluctuations rather than good news. These results provided some evidences that using the Gaussian distribution on risk management may not be suitable to evaluate the extreme losses of market. It may be an important reason that the damage from the subprime mortgage crisis is much higher than we expected.
